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Abstract
A few years ago the use of standard functional manipulations was demonstrated to imply an
unexpected property satisfied by the fermionic Green’s functions of QCD: effective locality. This
feature of QCD is non-perturbative as it results from a full integration of the gluonic degrees
of freedom. In this paper, previous derivations of effective locality are reviewed, corrected, and
enhanced. Focussing on the way non-abelian gauge invariance is realized in the non-perturbative
regime of QCD, the deeper meaning of effective locality is discussed.
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1
I. INTRODUCTION
In some recent articles [1–5] a property of the non-perturbative fermionic Green’s func-
tions in QCD was put forward under the name effective locality . This property can be
summarized as follows.
For any fermionic 2n-point Green’s functions and related amplitudes, the full gauge-fixed
sum of cubic and quartic gluonic interactions, fermionic loops included, results in a local
contact-type interaction. This local interaction is mediated by a tensorial field which is
antisymmetric both in Lorentz and color indices. Moreover, the resulting sum appears to be
fully gauge-fixing independent, that is, gauge-invariant.
This is a non-expected result because integrations of elementary degrees of freedom or-
dinarily result in highly non-local structures. The ‘effective locality’ denomination accounts
for this unusual circumstance. Notice that in the pure euclidean Yang Mills case, and up
to the first non-trivial orders of a semi-classical expansion, effective locality was observed a
welcome property in an attempt to construct a formulation dual to the original Yang Mills
theory [6].
Now, apart from a supersymmetric extension, QCD is not known to possess any dual
formulation, and the full effective locality functional expressions certainly attests to this
difficulty. However, like in the pure Yang Mills situation of [6], effective locality is a useful
means to learn about non-perturbative physics in QCD, and this based on first principles.
This paper is organized as follows. In the next Section a series of standard functional
manipulations is used to construct the generating functionals of QED and QCD, and to
contrast them at one essential point. In Section III, the functional statement of effective
locality is given. At first, it is illustrated for the simpler case of eikonal and quenching
approximations to QCD. Then it is shown that effective locality holds true also in the full
non-approximated QCD case. Furthermore, it is shown that this property is even indepen-
dent of the (Fradkin’s) representations used for the fermionic propagator in a background
Aµ- field configuration. Section IV summarizes our results and discusses the meaning of
effective locality further.
2
II. GENERATING FUNCTIONALS
In QED it is known for long that manifest covariance and manifest gauge invariance are
competing aspects of a generating functional construction. In the present Section it is shown
how the conventional Schwinger solution for the generating functionals of QED and QCD,
lead to expressions which, beyond appearances, differ on an essential point. Beginning with
QED, the free photonic Lagrangian density reads,
L0 = −
1
4
fµνfµν = −
1
4
(∂µAν − ∂νAµ) (∂µAν − ∂νAµ) . (1)
The corresponding action may be written as∫
d4xL0 = −
1
2
∫
Aµ
(
−∂2
)
Aµ +
1
2
∫
(∂µAµ)
2, (2)
The difficulty of maintaining both manifest gauge invariance and manifest Lorentz covariance
can be discussed at this stage. What has typically been done since the original days of
Fermi, who simply neglected the inconvenient term (∂µA
µ)2, is to use it in order to define a
relativistic gauge in which all calculations exhibit manifest Lorentz covariance, while relying
upon strict charge conservation to maintain an effective gauge invariance of the theory. The
choice of a relativistic gauge can be arranged in various ways. The simplest functional way is
to multiply the inconvenient term by a real parameter λ, and treat it as an interaction term
[8]. For example, starting from the free-field, (λ = 0, Feynman) propagator DF
(0)
µν = gµν DF ,
where (−∂2)DF = δ4, one has the free-field generating functional,
Z
(0)
0 {j} = exp
{
i
2
∫
j ·D(0)F · j
}
(3)
Then, operating upon it with the ’interaction’ λ-term, a new free-field generating functional
is obtained.
Z
(ζ)
0 {j} = e
i
2
λ
∫
(∂µAµ)
2
∣∣∣
A→ 1
i
δ
δj
· e
i
2
∫
j·D
(0)
F ·j
= e−
i
2
Tr ln [1−λ (∂⊗∂/∂2)] e
i
2
∫
j·D
(ζ)
F ·j , (4)
where
D
(ζ)
Fµν =
[
gµν − ζ∂µ∂ν/∂
2
]
DF , ζ =
λ
1− λ
. (5)
Note that the functional differential operation of (4) is fully equivalent to a bosonic gaussian
functional integration with the advantage that it does not require the specification of any
3
(infinite) normalization constant. In (4), the Tr-Log term is an infinite phase factor repre-
senting the sum of the vacuum energies generated by longitudinal and time-like photons,
with a weight λ arbitrarily inserted. This quantity can be removed by an appropriate version
of normal ordering, or more simply, be absorbed into an overall normalization constant.
Including now the fermionic interaction, Lint = −igψ¯γ · Aψ, and the ‘gauge interaction’
1
2
λ (∂µAµ)
2, the standard Schwinger solution for the generating functional is obtained as,
Z
(ζ)
QED[j, η, η¯] = N e
i
∫
η¯·GF[A]·η+L[A]+
i
2
λ
∫
(∂µAµ)
2
∣∣∣
A→ 1
i
δ
δj
· e
i
2
∫
j·D
(0)
F ·j (6)
with,
GF [A] = [γ · (∂ − ieA)−m]
−1 , L[A] = Tr ln [1− igγ · ASF] , SF = GF[0] , (7)
and where the phase factor of (4) has been absorbed into N . A convenient re-arrangement
of (6) uses the identity, satisfied by any polynomial and exponential functional F [A] [7],
F
[
1
i
δ
δj
]
· e
i
2
∫
j·D
(ζ)
F ·j = e
i
2
∫
j·D
(ζ)
F ·j · eDA · F [A]
∣∣
A=
∫
D
(ζ)
F ·j
(8)
where D
(ζ)
A , is the so-called linkage operator, D
(ζ)
A = −
i
2
∫
d4x
∫
d4y δ
δA(x)
·D(ζ)F (x− y) ·
δ
δA(y)
.
This identity can be used to eventually write,
Z
(ζ)
QED[j, η, η¯] = N e
i
2
∫
j·D
(ζ)
F ·j · eD
(ζ)
A · ei
∫
η¯·GF[A]·η+L[A]
∣∣∣
A=
∫
D
(ζ)
F ·j
. (9)
This is nothing but the formal solution for the QED generating functional which would
result from a linear and covariant gauge fixing term −1
2(1−λ)
(∂ ·A)2. Accordingly, the Green’s
functions given by (9) cannot display gauge invariance: The bare photon propagator is
explicitly gauge-dependent and it is only through the control of Ward identities that radiative
corrections invoking this propagator are proven to be gauge invariant. Likewise, using such
a gauge dependent photon propagator does not prevent properly defined S- matrix elements
from being gauge-invariant, by virtue of the LSZ reduction formula and equivalence theorem
[9, 10]. The point to be retained here is that recovering gauge invariance goes along some
circuitous path.
For QCD, one starts from a Lagrangian density,
LQCD = −
1
4
F aµνF
µνa − ψ¯ · [γµ (∂µ − igA
a
µλ
a)−m] · ψ, (10)
4
where, in F aµν = ∂µA
a
ν − ∂νA
a
µ + gf
abcAbµA
c
ν , the numbers f
abc are the customary structure
constants of the SUc(3) Lie algebra.
One can begin by identifying the free and interacting gluonic pieces,
−
1
4
∫
F 2 = −
1
4
∫
f 2 −
1
4
∫ [
F 2 − f 2
]
≡ −
1
4
∫
f 2 +
∫
L′[A], (11)
with,
faµν ≡ ∂µA
a
ν − ∂νA
a
µ, , L
′[A] = −
1
4
(
2faµν + gf
abcAbµA
c
ν
) (
gfabcAµbA
ν
c
)
. (12)
In analogy with QED, after an integration-by-parts, one can write,
−
1
4
∫
F 2 = −
1
2
∫
Aµa
(
−∂2
)
Aaµ +
1
2
∫ (
∂µAaµ
)2
+
∫
L′[A], (13)
and focus on the gluonic part of QCD only. In order to select a particular covariant gauge
propagator, one can multiply the 2nd right hand side term of (13) by λ, and include this
term as part of the interaction, obtaining the generating functional,
Z(ζ)[j] = N ei
∫
L′[ 1i
δ
δj ] e
i
2
λ
∫
δ
δjµ
∂µ∂ν
δ
δjν e
i
2
∫
j D
(0)
F ·j, (14)
that is,
Z(ζ)[j] = N ei
∫
L′[ 1i
δ
δj ] e
i
2
∫
j·D
(ζ)
F ·j (15)
with the determinantal phase factor of (4) included in the normalization N , and, as the free
gluon propagator, the expression D
(ζ)
F of (5) multiplied by the color factor of δ
ab. Fermionic
variables can be re-inserted now to give,
Z
(ζ)
QCD[j, η¯, η] = N e
i
∫
L′
QCD[
1
i
δ
δj ] e
i
2
∫
j·D
(ζ)
F ·j (16)
with,
L′QCD[A] = L
′[A] + η¯ GF[A] η + L[A] . (17)
In view of (5), however, it is to be noted that all choices of λ are possible at the exception
of λ = 1, for that choice leads to an ill-defined gluon propagator (ζ → ∞). This is an
unfortunate situation, because, as is clear from (13), the choice λ = 1 is precisely the one
corresponding to manifest gauge invariance in QCD, as well as in QED.
At this point, though, the situation in QCD differs from that of QED in a meaningful way.
In effect, using for
∫
L′[A] the expression given by (13), and omitting the quark variables
momentarily, one can write,
Z(ζ)[j] = N e−
i
4
∫
F 2− i
2
(1−λ)
∫
(∂µAaµ)
2
+ i
2
∫
Aaµ (−∂2)Aµa
∣∣∣
A→ 1
i
δ
δj
e
i
2
∫
j·D
(0)
F ·j , (18)
5
which renders obvious that now, contrarily to the QED case, the choice λ = 1 can be made.
For the full QCD generating functional, this gives,
ZQCD[j, η¯, η] = N e
i
2
∫
j·D
(0)
F ·j
× e−
i
2
∫
δ
δA
·D
(0)
F ·
δ
δA · e−
i
4
∫
F 2+ i
2
∫
A·(−∂2)·A · ei
∫
η¯·GF[A]·η+L[A]
∣∣∣
A=
∫
D
(0)
F ·j
(19)
where the identity (8) has been used. The choice of λ = 1, complying both with manifest
Lorentz covariance and gauge invariance, seems to have selected the Feynman field function
D
(0)
F
∣∣∣ab
µν
.
However, just by adding and subtracting a covariant gauge-fixing term of 1
2ζ
(∂ ·A)2 in the
right hand side of (13), an alternate expression results for the generating functional (19),
which reads now,
ZQCD[j, η¯, η] = N e
i
2
∫
j·D
(ζ)
F ·j
× e−
i
2
∫
δ
δA
·D
(ζ)
F ·
δ
δA · e
− i
4
∫
F 2+ i
2
∫
A·
(
D
(ζ)
F
)−1
·A
· ei
∫
η¯·GF[A]·η+L[A]
∣∣∣∣
A=
∫
D
(ζ)
F ·j
, (20)
where the (inverse) covariant propagator,
(
D
(ζ)
F
−1
)ab
µν
= −iδab
[
gµν ∂
2 +
(
1
ζ
− 1
)
∂µ∂ν
]
, (21)
generalizes the previous Feynman propagator, D
(0)
F
∣∣∣ab
µν
. The same manipulation can be done
also with a non-covariant gauge-fixing term of 1
2ζ
(n·A)2, where n is a lightlike vector, n2 = 0.
Then, in the limit of ζ → 0, one gets the axial planar gauge field function, propagating the
2 gauge field physical degrees of freedom only,
(
D
(n)
F
)ab
µν
(K) = −iδab
(
gµν
K2 + iε
−
Kµnν +Kνnµ
(K2 + iε)(K · n)
)
, Tr [gµν −
Kµnν +Kνnµ
K · n
] = 2 .
(22)
The associated generating functional reads then,
ZQCD[j, η¯, η] = N e
i
2
∫
j·D
(n)
F ·j
× e−
i
2
∫
δ
δA
·D
(n)
F ·
δ
δA · e
− i
4
∫
F 2+ i
2
∫
A·
(
D
(n)
F
)−1
·A
· ei
∫
η¯·GF[A]·η+L[A]
∣∣∣∣
A=
∫
D
(n)
F ·j
. (23)
Clearly, as many identical forms as desired can be obtained for ZQCD[j, η¯, η], differing
only the bare gluonic field function in use, D
(n)
F , D
(ζ)
F , etc..
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Some comments are in order.
(i) In the case of QED, as advertised above, the generating functional (9) is the standard
one, in a ζ-dependent covariant gauge. It is easy to check that an expansion in the coupling
constant reproduces both the conventional Feynman graphs and rules of Perturbation Theory
in that gauge. Subsequently, gauge-invariance is controlled along the somewhat circuitous
steps which are reviewed after Equation (9).
(ii) Mutatis mutandis, the same applies to QCD which possesses an asymptotically free
phase where Perurbation Theory can be used. In covariant gauges, though, it is well known
that extra complications come about. Auxiliary Faddeev-Popov fields must be introduced so
that both unitarity and gauge invariance be recovered through the BRS(T) symmetry of the
full Lagrangian. Slavnov-Taylor identities derive from this symmetry in the same (though
much more involved) way as Ward identites derive from the U(1) symmetry of QED, and
charge conservation is guaranteed in either cases. So long as gauge fields and/or the coupling
are not too strong, the overall covariant construction is well defined as it avoids the unsolved
Gribov’s copies issue [11]. The two points which deserve to be emphasized at this level are,
first, that the so constructed generating functionals do not really extend beyond the realm
of Perturbation Theory [12], and in the second place, that the control of gauge-invariance
goes along the same circuitous path as in QED.
(iii) For QCD, however, the same formal manipulations as used for QED, and leading to
the generating functional form of (19), may obscure the crucial difference with QED. This
is because contrarily to (9) in the case of QED, (19) is not the Green’s function generating
functional of QCD in the Feynman gauge. And likewise, (20) and (23) are not the Green’s
function generating functionals of QCD in the ζ-covariant and axial planar gauges either.
The difference is easily disclosed by the trick of adding/subtracting a certain gauge-fixing
density term such as those leading to (20) or (23), as (19) is but a special case of (20).
Now, adding and subtracting a gauge-fixing term preserves the full gauge-invariance of
the original Lagrangian density. Whereas the functional operations leading to (9) effectively
break the gauge invariance of the QED Lagrangian density (the choice of λ = 1 cannot be
performed), and in this way just amount to a construction of the generating functional in a
given linear covariant gauge, the same functional operations do not produce the same output
over the non abelian structure of QCD which maintains its full original gauge invariance (the
choice of λ = 1 can be performed).
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That is, in spite of the propagators appearing in (19), (20) and (23), and which in
Perturbation Theory do always refer to covariant and axial planar gauge- fixing terms, that
is to explicit gauge symmetry breaking, no gauge selection is actually performed in the
generating functional constructions of (19), (20) and (23). As demonstrated below, this
surprising hiatus finds its resolution in the property of effective locality, that is in the fact
that, at the exception of the trivial and irrelevant first factors, the fermionic momenta of
(19), (20) and (23) retain no dependence on the bare gauge field propagator one starts from.
III. EFFECTIVE LOCALITY
This property surfaces at the level of fermionic Green’s functions once functional differ-
entiations of (19) with respect to the sources η¯, η are taken which subsequently are cancelled
out, η¯ = η = jaµ = 0. In order to derive the property of effective locality, it is appropriate
to introduce a ‘linearization’ of the
∫
F 2 term which appears in the right hand sides of all
three expressions (19), (20) and (23). This can be achieved by using the representation,
[6, 13, 14],
e−
i
4
∫
F 2 = N ′
∫
d[χ] e
i
4
∫
(χaµν)
2
+ i
2
∫
χµνa F
a
µν (24)
where, ∫
d[χ] =
∏
z
∏
a
∏
µ<ν
∫
d[χaµν ](z) . (25)
As usual, space-time is broken up into small cells of infinitesimal size δ4 about each point
z, and N ′ is a normalization constant so chosen that the right hand side of (24) becomes
equal to unity as F aµν → 0. In this way, the generating functional (19) may be re-written as
(with N ′ · N ≡ N ′′ → N ),
ZQCD[j, η¯, η] = N
∫
d[χ] e
i
4
∫
χ2 eD
(0)
A · e−
i
2
∫
χ·F+ i
2
∫
A·(−∂2)·A · ei
∫
η¯·GF[A]·η+L[A]
∣∣∣
A=
∫
D
(0)
F ·j
(26)
where,
D
(0)
A = −
i
2
∫
d4x
∫
d4y
δ
δAaµ(x)
D
(0)
F
∣∣∣ab
µν
(x− y)
δ
δAbν(y)
, (27)
and where the integration on χ was permuted with the action of the functional differentia-
tions prescribed by exp D
(0)
A .
As can be noticed, using the representation (24) breaks the manifest gauge invariance of
the left hand side. This can be remedied in several ways. For example, one can gauge the χaµν-
fields so that the term (χ · F ) recovers a manifest invariance. In [6], this route was followed
8
successfully in order to reach a (semi-classical) formulation dual to the pure euclidean Yang
Mills theory. Another possibility is to complete the χaµν functional integrations in an exact
way, so as to be guaranteed to deal with the full invariant left hand side of (24). At eikonal
and quenching approximations at least, this goal has been achieved in the strong coupling
limit, by using Random Matrix calculus [4, 15].
However, so long as the issue of gauge invariance is concerned only, there is no need to
cope with any of the two above possibilities and this remarkable simplification is due to the
property of effective locality displayed by the fermionic momenta of (19) (i.e., the fermionic
Green’s functions).
For the sake of an easier presentation, it is convenient to proceed with a simplified deriva-
tion of effective locality.
A. Effective locality at eikonal and quenching approximations
Without loss of generality, things can be illustrated on the basis of a 4-point fermionic
Green’s function. Then, two propagators GF (x1, y1|A) and GF (x2, y2|A) are to be repre-
sented with the help of a Fradkin representation such as (mixed case),
〈p|GF [A]|y〉 = e
−ip·y i
∫ ∞
0
ds e−ism
2
e−
1
2
Tr ln (2h)
×
∫
d[u]{m− iγ · [p− gA(y − u(s))]} e
i
4
∫ s
0 ds
′ [u′(s′)]2 eip·u(s)
×
(
eg
∫ s
0
ds′σ·F(y−u(s′)) e−ig
∫ s
0
ds′ u′(s′)·A(y−u(s′))
)
+
, (28)
with,
h(s1, s2) = s1Θ(s2 − s1) + s2Θ(s1 − s2) , h
−1(s1, s2) =
∂
∂s1
∂
∂s2
δ(s1 − s2). (29)
In (28), the 4-vector u(s) is the Fradkin variable, while in the last line the +-subscript indi-
cates an s′-Schwinger-proper-time ordering of the expression between parenthesis. Clearly,
Fradkin’s representations cannot be thought of as being of a very simple usage. But they are
exact. Recently, they have even been used to re-derive some standard results of Quantum
Mechanics in a certainly involved but successful way [16].
Upon substitution into (26), a representation like (28) produces a cumbersome structure
of an exponential of an exponential. This is why it is necessary to bring (28) down by
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means of functional differentiations with respect to the Grassmannian sources η¯, η to deal
with 2n-point fermionic Green’s functions. Accordingly, in contrast to the field strength
formulation dual to the pure Yang Mills case [6], the property of effective locality is referred
to the behavior of fermionic Green’s functions rather than that of the generating functional
itself. Of course, this is not a restriction of generality because fermionic Green’s functions
exhaust the whole fermionic content of the theory.
In (28) though, the linear and quadratic Aaµ-field dependences are contained within a
time-ordered exponential which prevents the linkage (27) to operate in a simple way. This
can be circumvented at the expense of introducing two extra field variables so as remove
the Aaµ-field variables from the ordered exponential. For example, this can be achieved by
writing,(
eig p
µ
∫+∞
−∞
dsAaµ(y−sp)T
a
)
+
= N
∫
d[α]
∫
d[Ω] e−i
∫ +∞
−∞
ds Ωa(s)[αa(s)−gpµAaµ(y−sp)]
(
ei
∫+∞
−∞
dsαa(s)Ta
)
+
(30)
where N is a normalisation constant. Equation (30) defines an eikonal approximation of
(28) which is used here to offer a simple derivation of the property of interest. Likewise, in
this subsection, the approximation of quenching is applied, and the Fradkin representation
of the functional L(A) can be ignored.
Now, not until the full integrations on the two extra field variables αa and Ωa are brought
to completion, can one be assured to deal with the proper Fradkin representation of GF [A].
At this level of approximations though and in the strong coupling limit, g ≫ 1, it is a
fortunate circumstance that these extra dependences can be integrated out in an exact way
thanks to the Random Matrix calculus [4, 15].
Omitting for short the details of integrations on Schwinger proper times, Fradkin’s vari-
ables and the four extra fields αai and Ω
a
i , i = 1, 2, one obtains a result of the following
form
2∏
i=1
∫
dsi
∫
dui(si)
∫
dαi(si)
∫
dΩi(si)
(
. . .
)∫
d[χ] e
i
4
∫
χ2 eD
(0)
A e+
i
2
∫
AaµK
µν
ab A
b
ν ei
∫
QaµA
µ
a
∣∣∣
A→0
,(31)
where Kµνab and Q
a
µ represent the quadratic and linear A
a
µ-field dependences, respectively,
Kabµν = gf
abcχcµν +
(
D
(0)
F
−1
)ab
µν
, Qaµ = −∂
νχaµν+ g[R
a
1,µ+R
a
2,µ] , f
abcχcµν = (f ·χ)
ab
µν , (32)
and where the Rai,µ stand for the part of (30) linear in the potential field A
a
µ,
Rai,µ(z) = pi,µ
∫
dsiΩ
a
i (si) δ
4(z − yi + si pi) , i = 1, 2 . (33)
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Note that in (33) the eikonal approximation has substituted sipi for the original Fradkin
field variable ui(si) (i.e. a straight line approximation, connecting the points z and yi). The
linkage operation followed by the prescription of cancelling the sources jaµ is now trivial and
yields,
e−
i
2
∫
δ
δA
·D
(0)
F ·
δ
δA · e+
i
2
∫
A·K·A+i
∫
A·Q
∣∣∣
A→0
(34)
= e
− 1
2
Tr ln
(
1−D
(0)
F ·K
)
· e
i
2
∫
Q·
[
D
(0)
F ·
(
1−K·D
(0)
F
)−1]
·Q
.
On the right hand side, the kernel of the quadratic term in Qaµ is
D
(0)
F ·
(
1−K ·D(0)F
)−1
= D
(0)
F ·
(
1−
[
gf · χ+D(0)F
−1
]
·D(0)F
)−1
(35)
= − (gf · χ)−1 ,
so that eventually,
e−
i
2
∫
δ
δA
·D
(0)
F ·
δ
δA · e+
i
2
∫
A·K·A+i
∫
A·Q
∣∣∣
A→0
(36)
= e−
1
2
Tr ln
[
−gD
(0)
F
]
·
1√
det(f · χ)
· e−
i
2
∫
d4z Q(z)·(gf ·χ(z))−1·Q(z) ,
where the first term is a constant (possibly infinite) which can be absorbed into a redefinition
of the overall normalization constant N .
The manifestation of effective locality is in the last term of (36). While the
(
D
(0)
F
−1
)ab
µν
-
piece of Kµνab in (32) is non-local it disappears from the final result so as to leave the local
structure [gf · χ]−1 as the mediator of interactions between quarks,
〈x|(gf · χ)−1|y〉 = (gf · χ)−1(x) δ(4)(x− y) . (37)
This offers a simple way to look at the effective locality phenomenon whose detailed deriva-
tion can be seen to rely in an essential way on the non-abelian character of the gauge group.
As already transparent at the level of equations (11), in effect, and contrary to expectations
[18] this phenomenon cannot show up in the abelian case of QED because the L′[A] inter-
action of (12) doesn’t exist in that case. Going back to (31), one finds a result whose final
form reads as
N
2∏
i=1
∫
dsi
∫
dui(si)
∫
dαi(si)
∫
dΩi(si)
(
. . .
)∫
d[χ] e
i
4
∫
χ2
·
1√
det(f · χ)
· e−
i
2
∫
d4z Q(z)·(gf ·χ(z))−1·Q(z) , (38)
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and it is the integration on the χaµν-fields which, thanks to another remarkable consequence
of effective locality, lends itself to a(n analytically continued [4]) Random Matrix calculation
[4, 15].
Through more cumbersome expressions, the above structure generalizes easily to 2n-
point fermionic Green’s functions, see [15] (Appendix D). As mentioned already in the
Introduction, in the pure (euclidean) YM case, a form of effective locality was observed in
an attempt at dualization of the YM theory [6].
B. Effective locality in general
All simplifications leading to Eqs.(35)-(38) can be relaxed without affecting effective lo-
cality [2]. Quenching corresponds to the replacement det \D(A) = eL(A) 7−→ 1 while the
eikonal approximation entails the consistent neglect of the spin contribution in the time-
ordered exponential of (28), the term exp[g
∫ s
0
ds′σ · F(y − u(s′))], as well as, for the Frad-
kin’s field variables, the replacement of ui(si) by its straight-line approximation sipi, with
i = 1, 2, . . . , n, in the case of a 2n-point fermionic Green’s function. For the sake of a sim-
pler illustration, though, the case of a 4-point fermionic Green’s function will be considered
again. One has,
M(x1, y1; x2, y2)
=
δ
δη¯(y1)
·
δ
δη(x1)
·
δ
δη¯(y2)
·
δ
δη(x2)
· Z {j, η¯, η}
∣∣∣∣
η=η¯=0;j=0
= N
∫
d[χ] e
i
4
∫
χ2 eD
(ζ)
A e
+ i
2
∫
χ·F+ i
2
∫
A·
(
D
(ζ)
F
)−1
·A
GF(x1, y1|gA)GF(x2, y2|gA) e
L[A]
∣∣
A=0
−{1↔ 2}, (39)
where the anti-symmatrization indicated in the last line is redundant in the non-
approximated situation but necessary in case of approximations [17].
In order to display the gauge variance of all such QCD correlation functions, it is appro-
priate to recall that the fermionic loop functional L[A] is explicitly invariant under the full
SU(3)c gauge group of QCD. Then, it is convenient to combine the Gaussian A-dependence
of every entering of GF[A] into a net expression,
exp
[
i
2
∫
d4z Aµa(z)K
ab
µν(z)A
ν
b (z) + i
∫
d4z Qµa(z)A
a
µ(z)
]
, (40)
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where K and Q are local functions of the Fradkin variables, uµi (si), and of auxiliary fields
Ωa1(s1), Ω
a
2(s2). Because of the spin-terms, extra fields, Φ
a
1,µν(s1), Φ
a
2,µν(s2), are necessary
to extract the Aaµ(y − u(s
′)) potentials from the full ordered exponential of (28) as can be
recognized in a representation like (i = 1, 2)(
e−ig
∫ si
0 ds
′
i u
′µ
i (s
′
i)A
a
µ(yi−ui(s
′
i)) λ
a+g
∫ si
0 ds
′
iσ
µν F aµν(yi−ui(s
′
i)) λ
a
)
+
(41)
= NΩNΦ
∫
d[αi]
∫
d[Ξi]
∫
d[Ωi]
∫
d[Φi]
(
ei
∫ si
0 ds
′
i [αai (s′i)−iσµν Ξiaµν(s′i)]λa
)
+
× e−i
∫ si
0 ds
′
i Ω
a
i (s
′
i)α
a
i (s
′
i)−i
∫ si
0 ds
′
i Φi
aµν(s′i) Ξi
a
µν(s
′
i)
× e−ig
∫ si
0 ds
′
i u
′µ(s′i)Ω
a
i (s
′
i)A
a
µ(yi−ui(s
′
i))+ig
∫ si
0 ds
′
i Φi
a
µν(s
′
i)F
µν
a (yi−ui(s
′
i)).
For the 4-point function, the product of GF,1[A] and GF,2[A] will contribute to the kernel
Kabµν(z) the following the terms
Kabµν(z) = 2g
2
∫ s1
0
ds′1 δ
(4)(z − y1 + u1(s
′
1))f
abc Φcµν,1(s
′
1)
+2g2
∫ s2
0
ds′2 δ
(4)(z − y2 + u2(s
′
2))f
abc Φcµν,2(s
′
2) , (42)
and to the ‘current’ Qaµν(z), the terms,
Qaµ(z) = −2g ∂
νΦaI,νµ(z)− g
∫ s1
0
ds′1 δ
(4)(z − y1 + u1(s
′
1)) u
′
1,µ(s
′
1) Ω
a
1(s
′
1)
−2g ∂νΦa2,νµ(z)− g
∫ s2
0
ds′2 δ
(4)(z − y2 + u2(s
′
2)) u
′
2,µ(s
′
2) Ω
a
2(s
′
2) , (43)
where, out of (41), one has
Φai,µν(z) ≡
∫ si
0
ds′i δ
(4)(z − yi + ui(s
′
i)) Φ
a
i,µν(s
′
i) . (44)
Dropping the first terms in the two right hand sides of (43) and proceeding to the eikonal
replacement of ui(si) by sipi, one recovers the eikonal ‘currents’ of (33). In the case of higher
2n-point fermionic Green’s functions additional terms will of course complete the Qaµ and
Kabµν functionals in exactly the same way.
Then, by relaxing the quenching approximation, the required operation reads
exp
[
−
i
2
∫
δ
δA
·D(0)F ·
δ
δA
]
· exp
[
i
2
∫
A · K¯ · A+ i
∫
Q¯ · A
]
· exp (L[A]), (45)
followed by the prescription of cancelling the potentials Aaµ, and where,
〈z|K¯abµν |z
′〉 =
[
Kabµν(z) + gf
abcχcµν(z)
]
δ(4)(z − z′) + 〈z|
(
D
(0)
F
)−1∣∣∣∣ab
µν
|z′〉 , (46)
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Q¯aµ(z) = ∂
νχaνµ(z) +Q
a
µ(z) . (47)
In K¯ all terms but the inverse of the gluon propagator are local. Equation (45) requires the
linkage operator to act upon the product of two functionals of A. This is accounted for by
a functional identity,
eDA F1[A]F2[A] =
(
eDA F1[A]
)
e
←→
D
(
eDA′ F2[A
′]
)
(48)
where the ’cross-linkage’ operator exp{
←→
D } is defined in the following way,
←→
D = −i
∫ ←−
δ
δA
D
(0)
F
−−→
δ
δA′
, (49)
and where in (48) the limit Aaµ = A
′a
µ = 0 is understood after execution of the linkage
operations. With the identifications,
F1[A] = exp
[
i
2
∫
A · K¯ · A+ i
∫
Q¯ ·A
]
, F2[A] = exp (L[A]) (50)
the evaluation of eDA F1[A] reads
eDA F1[A] = exp
[
i
2
∫
Q¯ ·D(0)F · (1− K¯ ·D
(0)
F )
−1 · Q¯−
1
2
Tr ln
(
1−D(0)F · K¯
)]
(51)
· exp
[
i
2
∫
A · K¯ ·
(
1−D(0)F · K¯
)−1
· A+ i
∫
Q¯ ·
(
1− K¯ ·D(0)F
)−1
· A
]
,
where the same cancellation of non-local pieces as observed in (35) is taking place again,
D
(0)
F ·
(
1− K¯ ·D(0)F
)−1
= D
(0)
F ·
[
1− (K̂ +
(
D
(0)
F
)−1
) ·D(0)F
]−1
= −K̂−1, (52)
and where the ‘gluon bundle’ term of (gf · χ)−1 of (37) is now completed by the spinorial
contributions of (42)
K̂abµν = K
ab
µν + gf
abcχcµν . (53)
Now, in the limit A→ 0 the crossed-linkage operation of (48) first yields,
eDA F1[A]F2[A]|A=0 = exp
[
−
i
2
∫
Q¯ · K̂−1 · Q¯−
1
2
Tr ln K̂ +
1
2
Tr ln
(
−D(0)F
)]
(54)
· exp
[
+
i
2
∫
δ
δA′
·D(0)F ·
δ
δA′
]
· exp
[
i
2
∫
δ
δA′
· K̂−1 ·
δ
δA′
−
∫
Q¯ · K̂−1 ·
δ
δA′
]
·
(
eDA′ F2[A
′]
)
,
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followed by the prescription A′ = 0. The first exponential term in the second line of (54) is
exactly exp {−DA′} and removes the exp {DA′} of the operation (exp {DA′} · F2[A′]). With
the exception of an irrelevant exp
[
1
2
Tr ln
(
−D(0)F
)]
factor, to be absorbed into an overall
normalization, what remains to all orders of coupling and for every such process is therefore
the following generic structure,
eDA F1[A]F2[A]|A=0 = N exp
[
−
i
2
∫
Q¯ · K̂−1 · Q¯−
1
2
Tr ln K̂
]
(55)
· exp
[
i
2
∫
δ
δA
· K̂−1 ·
δ
δA
−
∫
Q¯ · K̂−1 ·
δ
δA
]
· exp (L[A])
∣∣∣∣
A→0
in which the prime in A′ has been suppressed.
In (55) it is clear that nothing refers to D
(0)
F : Gauge invariance is achieved as a matter of
gauge independence. Assuming, as in the previous quenched situation, that integrations over
the extra fields Ξ and Φ can be carried through, this conclusion is non-trivial. It should be
obvious at this stage that exactly the same conclusion is reached whatever the field function
in use, D
(0)
F , D
(ζ)
F , D
(n)
F , etc..
Again, a striking aspect of (55) is its locality. Still, (55) doesn’t provide the bases of a
genuinely dual formulation of full QCD. For example, the most famous duality correspon-
dence of g → 1/g cannot account for the various g-scaling behaviours that are exhibited by
(55) whereas it does so in the pure Yang Mills case [6].
C. Effective locality even more generally
The derivations of effective locality that have been displayed so far rely on Fradkin’s
representations and exhibit both locality and gauge-fixing independence. A natural question
to ask is whether effective locality turns out to be representation dependent. According to
the preceding developments it is sufficient to examine this point in the quenched case since
the functional L[A] is itself local and gauge-invariant. Likewise, for this very purpose, it
is possible to restrict our consideration to the case of a fermionic 2-point function without
restriction of generality. The expression to be considered thus is
N
∫
d[χ] e
i
4
∫
χ2 eD
(o)
A e
+ i
2
∫
χ·F+ i
2
∫
A·
(
D
(0)
F
)−1
·A
GF(x, y|A)
∣∣∣∣
A→0
(56)
with no particular representation assumed for GF [A]. This is
N
∫
d[χ] e
i
4
∫
χ2 eD
(0)
A e+
i
2
∫
A·K·A+ i
∫
Aµa ∂
νχaνµ GF(x, y|A)
∣∣∣
A→0
(57)
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at,
K = gfabcχcµν +
(
D
(0)
F
)−1∣∣∣∣ab
µν
, (58)
so that, with the new identifications,
F1[A] = exp
[
i
2
∫
A ·K · A+ i
∫
Aµa ∂
νχaνµ
]
, F2[A] = GF(x, y|A) (59)
the double operation of (48) yields,
eDA F1[A]F2[A]|A=0 = N e
1
2
Tr ln
(
−D
(0)
F
)
exp
[
−
i
2
∫
∇χ · (gf · χ)−1 · ∇χ−
1
2
Tr ln (gf · χ)
]
(60)
· exp
[
i
2
∫
δ
δA
· (gf · χ)−1 ·
δ
δA
−
∫
∇χ · (gf · χ)−1 ·
δ
δA
]
GF(x, y|A)
∣∣∣∣
A→0
,
where the shorthand (∇χ)aµ = ∂
νχaνµ was used.
Again, any gauge-fixing dependence has disappeared from the result. Effective locality
is manifest in the first line of (60) and, if the new functional F2 = GF(x, y|A) is not gauge-
invariant itself, the full second line of (60) is. It is straightforward to check that the same
applies to a product of n functionals,
∏n
i=1GF(xi, yi|A), that is to the case of a generic
2n-point fermionic Green’s function.
While Fradkin’s representations are useful to actual calculations and in derivations of
other remarkable properties [4, 15] the gist of effective locality (see below) doesn’t depend
on them.
IV. CONCLUSION: THE MEANING OF EFFECTIVE LOCALITY
Established on the basis of formal, yet standard functional manipulations effective locality
emerges as a non-perturbative property of QCD fermionic Green’s functions which is not
bound to any approximation scheme artefact.
Since its discovery some years ago, effective locality has been able to display a number
of promising tree-level consequences [1–5, 15] while its meaning has remained enigmatic.
At variance with the pure Yang Mills euclidean case [6], in effect, this property cannot be
thought of in terms of an expression that would be dual to the usual form of QCD.
Deriving effective locality along the lines of the current paper, an interesting disconnected-
ness is observed between the gauge field functions (i.e., propagators) and the corresponding
gauge fixing terms. The clue to this situation comes from the fact that any gauge field
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propagator disappears from the final result so as to leave gauge-fixing independent expres-
sions. This suggests the following interpretation and/or conjecture concerning the meaning
of effective locality.
Effective locality is the very mode in which non-abelian gauge invariance is realized in
the non-perturbative regime of QCD.
Contrarily to the well controlled perturbative regime where, up to substantial complications,
the non-abelian gauge invariance is as indirect as it is in the abelian case of QED, gauge
independence of amplitudes enjoys a much more direct and thus simpler mode of realization
in the non-perturbative regime of QCD. That is, effective locality indicates how the non-
perturbative realization of local gauge-invariance in QCD differs from its perturbative QED-
like realization. This is testified by the widely recognized inherently perturbative character
of the BRS(T) symmetry [12]. A related, suggestive indication of this is the issue of Gribov
copies which has recently been declared even worse than it was initially thought to be,
and eventually intractable [11]. In this perspective it appears reasonable to think that the
Gribov’s copies issue indicates that one is leaving the perturbative regime, and that its
intractability is the indication that the non-perturbative regime of QCD cannot be attained
in this way. Now, such an obstruction doesn’t plague the effective locality non-perturbative
framework since no gauge-fixing is ever introduced in this approach.
One may note that while asymptotic electron/positron states correspond to plain elemen-
tary physical particles in QED, the only QCD asymptotic states that are outright physical
are not quarks/antiquarks states, but those of the hadronic spectrum. Beyond the matter
of its formal derivation, this remark is in order to render the surprising effective locality
statement of (55) (or (60)) somewhat more ‘moral’/acceptable : This astonishingly direct
mode of non-abelian gauge invariance realization has to do with the non-perturbative regime
of QCD, that is, with the only QCD regime giving rise to genuine physical states. In this
respect, QCD would again appear simpler and more self-consistent [19] a theory than QED.
Other deep aspects of effective locality show up as exact representations of the fermionic
field functionals are implemented in the course of concrete Green’s functions calculations,
and will be the matter of a forthcoming publication [20].
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